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What is constructive algebra?

Constructive algebra is algebra without nonconstructive principles
(excluded middle, Zorn’s lemma, ...).

We can extract computational content from a constructive proof.
One way of doing this is to use type theories with canonicity (e.g.
Martin-Löf type theory (using setoids), cubical type theory, ...).



A simple commutativity theorem
Throughout, all rings are associative with 1.

Theorem 1 (Every Boolean ring is commutative)

(∀x ∈ A. x2 = x) =⇒ (∀x, y ∈ A. [x, y] = 0) ([x, y] := xy−yx).

Proof.
0 = 22 − 2 = 2. 0 = (x+ y)2 − (x+ y) =
(x2 + xy + yx+ y2)− (x+ y) = xy + yx = [x, y].

Z⟨X,Y ⟩/⟨f2 − f : f ∈ Z⟨X,Y ⟩⟩ is commutative by theorem 1. So
[X,Y ] =Z⟨X,Y ⟩

∑
i gi(f

2
i − fi)hi for some fi, gi, hi ∈ Z⟨X,Y ⟩.

Computational content of a proof should give an algorithm to
compute fi, gi, hi. From the constructive proof above, we have

[X,Y ]

= (XY + Y X)− (22 − 2)Y X

= ((X + Y )2 − (X + Y ))− (X2 −X)− (Y 2 − Y )− (22 − 2)Y X.



More commutativity theorems

Theorem 2 ([Jacobson 1945])

(∀x ∈ A. ∃n ≥ 2. xn = x) =⇒ (∀x, y ∈ A. [x, y] = 0).

Theorem 3 ([Herstein 1957])

(∀x, y ∈ A. ∃n ≥ 2. [x, y]n = [x, y]) =⇒ (∀x, y ∈ A. [x, y] = 0).

We deal with the following theorem:

Theorem 4
(∀x ∈ A. x3 = x) =⇒ (∀x, y ∈ A. [x, y] = 0).

See [Buckley and MacHale 2013] for elementary proofs of
theorem 4. Rings are not assumed to be unital in the paper, but it
does not make much difference ([Brandenburg 2023, Proposition
2.14]).



A subdirect representation theorem (nonconstructive)

Lemma 5 ([Andrunakievič and Rjabuhin 1968], [Klein 1980])

For every ideal I ⊆ A, Nil I =
⋂

p⊇I: completely prime p.
(For U ⊆ A, NilU is the ideal of A generated by the following
constructors ((−) ∈ NilU is an inductive family):

introx : x ∈ U =⇒ x ∈ NilU,

zero : 0 ∈ NilU,

addx,y : x, y ∈ NilU =⇒ x+ y ∈ NilU,

multz,x,w : x ∈ NilU =⇒ zxw ∈ NilU,

redx : x2 ∈ NilU =⇒ x ∈ NilU.

NilU is the smallest reduced ideal containing U .)

Every reduced ring A is a subdirect product of domains Ai by
lemma 5 (i.e. we have an injective homomorphism A →

∏
iAi

such that A → Ai are surjective).



A nonconstructive proof of theorem 4

Assume that ∀x ∈ A. x3 = x.

▶ If x2 = 0, then x = x3 = 0

So A is reduced. By lemma 5, A is a subdirect product of domains
Ai.

▶ In each Ai, we have ∀x ∈ A. x3 =Ai x. So x ∈ {0,±1}. So
[x, y] =Ai 0 for all x, y ∈ A

So [x, y] =A 0

Can we extract fi, gi, hi ∈ Z⟨X,Y ⟩ such that
[X,Y ] =Z⟨X,Y ⟩

∑
i gi(f

3
i − fi)hi from this proof?



How to constructivize?

1. Generate an entailment relation ⊢ by the axioms of a
completely prime ideal.

2. Prove U ⊢ a ⇐⇒ a ∈ NilU (this is our main theorem). In
classical mathematics, this implies lemma 5 by the
completeness theorem for entailment relations (theorem 9).

3. Use U ⊢ a ⇐⇒ a ∈ NilU instead of lemma 5 to prove
theorem 4.



Entailment relations

Definition 6
A binary relation ⊢ on the set of finite subsets of S is called an
entailment relation on S if ⊢ satisfies the following conditions:

(id) a ⊢ a.

(wkn) (U ⊆ U ′, V ⊆ V ′, U ⊢ V ) =⇒ U ′ ⊢ V ′.

(cut) (U ⊢ V, a, U, a ⊢ V ) =⇒ U ⊢ V .

Entailment relations are closely related to distributive lattices
([Cederquist and Coquand 2000], [Lombardi 2020]).



Completeness theorems (nonconstructive)

Definition 7
ν : S → 2 is called a model of ⊢ if ν satisfies the following
condition: U ⊢ V =⇒ ((∀u ∈ U. νu = 1) → (∃v ∈ V. νv = 1)).

Theorem 8 ([Scott 1974, Proposition 1.3])

The following are equivalent:

1. U ⊢ V .

2. For all models ν of ⊢, (∀u ∈ U. νu = 1) → (∃v ∈ V. νv = 1).

Theorem 9 ([Scott 1974, Proposition 1.4])

For all (not necessarily finite) subsets X,Y ⊆ S, the following are
equivalent:

1. There exist finite subsets U ⊆ X, V ⊆ Y such that U ⊢ V .
Let X ⊢e Y denote this statement.

2. For all models ν of ⊢, (∀x ∈ X. νx = 1) → (∃y ∈ Y. νy = 1).



Theory of complete prime ideals

We generate an entailment relation on a ring A by the following
constructors (axioms):

⊢ 0,

a, b ⊢ a+ b,

a ⊢ xay,

ab ⊢ a, b,

1 ⊢ .

The models of ⊢ correspond to completely prime ideals of A
(nonconstructive). So X ⊢e a ⇐⇒ a ∈

⋂
p⊇X: completely prime p by

the completeness theorem.
We prove U ⊢ a =⇒ a ∈ NilU constructively (the converse is
trivial).



A useful lemma

Lemma 10 ([Wessel 2018, Lemma 4.34])

Let ⊢ be an entailment relation on S generated by constructors
(axioms) of the form U ⊢ V . Let Φ be a predicate on Powfin(S)
satisfying the following conditions:

▶ U ⊆ U ′ =⇒ Φ(U) → Φ(U ′).

▶ For all constructors of the form U ⊢ V , the following holds:
[∀U ′. (∀v ∈ V. Φ(U ′, v)) =⇒ Φ(U ′, U)] (Φ(U ′, v) means
Φ(U ′ ∪ {v})).

Then U ⊢ V implies [∀U ′. (∀v ∈ V. Φ(U ′, v)) =⇒ Φ(U ′, U)].

Let Φx(U) := x ∈ NilU . The non-trivial part is the proof of
∀U ′. (Φx(U

′, a), Φx(U
′, b)) =⇒ Φx(U

′, ab) (corresponding to
the axiom ab ⊢ a, b).
We have to prove Nil(U, a) ∩Nil(U, b) ⊆ Nil(U, ab).



A key lemma

Lemma 11 (key lemma)

Let U be a (not necessarily finite) subset of a ring A and
a, b, x, y ∈ A. Then
x ∈ Nil(U, a), y ∈ Nil(U, b) =⇒ xy ∈ Nil(U, ab). In particular,
Nil(U, a) ∩Nil(U, b) ⊆ Nil(U, ab).

We need the following lemma:

Lemma 12 ([Krempa 1996, Lemma 1.2])

If I is a reduced ideal of A and σ ∈ Sn, then
x1 · · ·xn ∈ I =⇒ xσ(1) · · ·xσ(n) ∈ I.

Proof.
xzyw ∈ I ⇐= (xzyw)3 ∈ I ⇐= yw(xzyw)x ∈ I ⇐=
(ywxzywx)2 ∈ I ⇐= zywxy ∈ I ⇐= (zywxy)2 ∈ I ⇐=
wxyz ∈ I ⇐= (wxyz)2 ∈ I ⇐= xyzw ∈ I.



A proof of the key lemma
We prove
∀x, y. (x ∈ Nil(U, a), y ∈ Nil(U, b) =⇒ xy ∈ Nil(U, ab)). The
proof is by induction on the witnesses p, q of x ∈ Nil(U, a),
y ∈ Nil(U, b).

1. If p and q are of the form introx(−) and introy(−)
respectively, then x ∈ U ∪ {a} and y ∈ U ∪ {b}. So
xy ∈ Nil(U, ab).

2. If p is zero, then xy = 0 ∈ Nil(U, ab).
3. If p is of the form addx1,x2(−,−), then we have x = x1 + x2

and x1y, x2y ∈ Nil(U, ab) by the inductive hypothesis. So
xy = x1y + x2y ∈ Nil(U, ab).

4. If p is of the form multz,x′,w(−), then we have x = zx′w and
x′y ∈ Nil(U, ab) by the inductive hypothesis. So xy = zx′wy
is in Nil(U, ab) by lemma 12.

5. If p is of the form redx(−), then we have x2y ∈ Nil(U, ab) by
the inductive hypothesis. So (xy)2 and xy are in Nil(U, ab) by
lemma 12.

the remaining cases can be dealt similarly.



Proofs are programs

F : ∀ x y → ((x ∈ Nil(U, a))× (y ∈ Nil(U, b))) → xy ∈ Nil(U, ab)

Fx,y(introx(u), introy(v)) := · · ·
F0,y(zero, q) := zero

Fx1+x2,y(addx1,x2
(u, v), q) := addx1y,x2y(Fx1,y(u, q), Fx2,y(v, q))

Fzx′w,y(multz,x′,w(u), q) := multz,x′wy,1(redx′wy(multx′w,yx′,wy(redyx′(

multy,x′y,x′(Fx′,y(u, q))))))

Fx,y(redx(u), q) := redxy(mult1,xyx,y(redxyx(multxy,xxy,x(

Fx2,y(u, q)))))

...

Strictly speaking, we have to insert transports because associativity,
distributivity, etc., are not judgmental.
We used the induction principle for the inductive family (−) ∈ NilU .



An alternative proof (essentially the same)

Generate a single-conclusion entailment relation on A by the
following constructors:

▷ 0,

a, b▷ a+ b,

a▷ xay,

a2 ▷ a.

U ▷ a ⇐⇒ a ∈ NilA U holds. By Universal Krull ([Rinaldi,
Schuster, and Wessel 2018, Corollary 3]), the key lemma
(lemma 11) implies that ⊢ is a conservative extension of ▷ (i.e.
U ⊢ a ⇐⇒ U ▷ a).



A constructive proof of theorem 4

We prove (∀x ∈ A. x3 = x) =⇒ (∀x, y ∈ A. [x, y] = 0).

Since A is reduced, NilA 0 = 0.

A proof using ⊢.
We have ⊢ x3−x. So ⊢ (x+1), x, (x− 1). We have x+1 ⊢ [x, y],
x ⊢ [x, y], and x− 1 ⊢ [x, y]. So ⊢ [x, y]. So [x, y] ∈ Nil 0 = 0.

A proof using the key lemma.

[x, y] ∈ Nil(x+ 1) ∩Nil(x) ∩Nil(x− 1) ⊆ Nil 0 = 0.



Related work

▶ In the commutative case, U ⊢ a ⇐⇒ a ∈ NilU is known as
formal Nullstellensatz ([Johnstone 1982, Lemma V-3.2]).

▶ See [Brandenburg 2023] for an equational proof of some
special cases of theorem 2.

▶ See [Coquand 1997, Section 5.7] for another constructive
approach to theorem 4 using topological models.
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